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Problem 1
.
1 (May,

1974)
.
Does BP admit an Eo-algebra structure?

Brown-Peterson ,
1966 : Definition of BP

.

May ,
1974 : Posted "Problems in infinite loop space theory."

Kriz
,

1990s: Proposed strategy to obtain #x-structure via TAQ.

Hu-May-Kriz ,
2001 : MU is not Ex-BP-algebra.

Basterra-Mandell, 2010 : BP is En

Chadwick-Mandell, 2013 : BP is E2 via Quillen idempotent.

Lawson
, Senger, 2017 : BP is not E2p2)

(p=2) (p odd)

Carmeli-Luecke,
2025 : Quillen idempotent is not Eg at p

= 3.

HHR mus MUR , BPR

Problem 1
.
2. For whichrepresentations V does BP admit an Evalgebra structure?

Theorem 1
.3 (Quinn-2.) . BPR admits an Ej-algebra structure.

Very rough strategy : BPR is split of via the Real Quiten idempotent

MUR-MUr .
Show that itis Ep

.

& ↳

multiplicative equivariant than structured orientations

spectio
52 Review : Multiplicative Thom Spectra
Def 21 (Ando-Blumberg-Gepner-Hopkins-Rezk,

2008).

R ring spectrum

fix-PicM map of spaces

Th(f) = Mf = colim(XFe Pic R-> LModr)
in Cato

important : Grothendieck's homotopy hypothesis



52.
1 Universal Property of Multiplicative Thom Spectra

Ando-Blumberg-Gepner 2011
,

Autolin- Camarena-Barthel 2014 : Multiplicativeversion

Def 2.
2

.
Let REAlgen(Sp).

(i)PicR =GL1(LModone) Picard space any It is En

(ii)AELModR
PicIR-> (Modi/A Objects :

↓
J

↓ M-> A of R-modules
/

Pic(k) -> LModp invertible

Theorem 2
.3 (Antolin-Camarena-Barthel

,
2014).

ReAlge(SP)
fix->Pick map of En-spaces

X Enspace

(i)Th/f) inherits En-structure .

(i) AtAgen(Modr) = Mapage(Modr) (th(f) ,
A) = Mapalg(r(X ,Pica)

Pic(k)
A

Thifi-A to
X +Pic(R)

Proof Sketch. Operadic left Kan extensions !

Theorem 2
.
4 (Lurie).

⑳ -operad

2 O-monoidal -ets , p
:2*-8

* structure map

D
* O-distributive operadic left Kan extension 2-

()Fung(26Fun (00 -
(1) 0 singly-colored

-> piF enhances colim (Fle:+ D)
FEFun(



Operadically left Kan extend

X[-Pick-LModi
Operadic Lan &↓

-------
-

-
-

-

universal property of monoidal

↳ Pif= Th(f
slice cats yields thetheorem

A

5 2.
2 Abstract Orientation Theory

Def2.
5

. ReAlge(Sp)
&-> A map of Entiting spectra
X-Pick map of Enspaces

En-orientation of A is one of the following equivalent characterizations
A

(i) Nullhomotopy of X-Pick) PicAl of En-spaces

(ii)Enlift Gh(Pic(R)+a)

------- ↓
XuPick)

(iii)Th(f)- A in Alge)(Moda) St
. for all x:x-X the adjoint A-module

map corresponding to the R-module map

ThIfox)-> Th(f)- A

is an eg.
us Or(f)



Consequences 26
. Let f:X-PicR be an E-map.

* X grouplike (connected if n=0 => Of Mapge(od(thif) .A)

* En-orientation of A off > ApThH)-AQIPX in Age(Moda)
Thom isomorphism

Example 2.7
.

* idno: MU-+ Mr Ex-orientation

· MupMU = MUZBU in Algeg(Sp)
53 Crash Course in Parametrized Higher Algebra

BUr()=BUBO
53

.
1 Equivariant Higher Category Theory

Elmendorff Safun(OrbS) motivates Buri ↓
Def 3.1 (Barwick-Dotto-Glasman-Nardin-Shah ,

2016
.) BUr()=BURBU

(i) Catgo= Fun (Orb , Catal G-o-categories
(ii) Gifunctor is a natural transformation

Example3.

2 (Equivariant Grothendieck Hypothesis).

G-space Orb S is Go-cat Orbs-Cato

Example 3
.

3. Spi #G

G=2: S is (4) = Spe

↓
↑(2) = Sp

Can import all usual notions of category theory ,
e

.g. G-colimits.

Example 3
.
4

.

Let HEG
.

There is a G-o-cat

=(2) =I
KsH,

KH
.

*G m XeSpr ,

(a) = IndaX=X



53.
2 Equivariant Higher Algebra

Def 3.
5 (Nardin-Shah)

(i)G, at HEG isFret

EilG-o-operad :# G-0-cat
*

with a Gifunctor- Ex satisfying
certain operad conditions

Example3
.
6

.

(i)0Opp us Inflee Open an algebra over Infla is a levdwise

O-algebra
(ii) No-operad is G-o-operad
# terminal G-*-operad

(ii)V Grep we EveOppo

Relation between +&

colim & distributivityms Nardin-Shah
,

Lenz-Linskens-Putzstuck

Def 3.
7

. (2,
Q) monoidal o-cat with colimits

distributive : E for FITT, G:J-C with colim diagrams It :

[x])-I*]- [x22

is colim diagram
Cone point : colm# colim G

J

Restriction to [x] : F@G

=> Distributivity : col EQ colim G colim FOG com clim FOG
,

J IX]

i

.e. -Q - commutes with colims in each variable

Equivariantly : More delicate

Lemma 3.
8

.

2 distributive-sym mon CX-cat - Ind(RestX) = AndX

Act Xe
=>

· N(AB) NSAGIndeP(AB)e NB
(a+by = a + 2ab + b

Theorem 3
.

9 (Nardin ,
2017)

. Spy has a distributive G-sym mon structure.



34 Equivariant Thom Spectra
Goal : Equivariantize ACB

Def 4.
1.

R G-ring spectrum Horev-Klang-Zon: R=S

fix-Pic(m) map of G spaces

Thf) = Mf = colim (XFe Pic(R)-> Lodr)
54

.
1 Equivariant Module Tech

LModr-> Algay(Sp)
↓ ↓ If Mf

Alg(Sp)
Observation 4

.
2.

OOpo
Re Algor(Sp) im 0-Ag(sp

LodAlgn(Sp LMod
I

↓
↓
in Op= Omonoidal -category

0-> Alge(sp)
*

⑳
R

Mod Without 68: LurieNeed
I colart fil EHgcuspcocart fib
⑳ With: Use Haugseng-Melani-

Algr(Sp Safronov criterion

Stewart's work- Equivariantize !

Theorem 4
.
3

. (Mod distributive

ProofSketch .

Consider colim diagrams I% J
-
- LModr



[]-I*]- (Mod**ModropMode

II 1 ↓I
[P-J- Sp* t Sp

Goal: Top composite is colim

know:Bottom composite is colim by distributivity of Sp
↓ reflects colim

top composite is colim
R&ROR preserves A

colims

Equivariantize!

54
.
2 Multiplicative Equivariant Thom Spectra

Theorem 4
.
4 (Quinn-2

.,
2025).

⑨
ReAlg(Sp)

fix-PicP) map of E-spaces ⑨X E-space

(i)Th/f) inherits Exstructure . ⑨
G

(i) AtAge(d) = Mapag(od(th ,
1)Map(R)

FRA ⑨

- ⑨

X -> Pic(R) ⑨
f -

G

Consequences 4
.
5. Let f:X-PicIR) be an E-map.

⑨
-G

* X grouplike (connected ifV=0) =>O Mapg(Mod (th .A) ⑨
v
-

=> id: Th(f)- ThIf) is E-orientation ⑨V
G

G

* E-orientation of A of my ApthH)-A@X in Alge (Moda)
V v

-

⑨Thom isomorphism
⑨

⑨
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